We report numerical observation of two new forms of stable localized solutions of the quintic complex Ginzburg-Landau equation. The 6rst form is a stationary zero-velocity solution, which consists of two motionless fronts and a source between them. We call this structure the "composite" pulse. We show that in some range of parameters, a composite pulse can coexist with a plain pulse solution. At the boundary of their region of existence in the parameter space, composite pulses exhibit a complicated behavior, which includes periodical dynamics and transition into another new form of localized solutions, namely, uniformly translating, or moving pulses. A careful study shows that the moving pulses have an even wider range of existence than the composite pulses. The interactions between different combinations of moving and stationary pulses are also studied. A qualitative explanation of the observed structures is proposed. PACS number(s): 42.25.Bs, 05.70.Ln
I. INTRODUCTION
The quintic complex Ginzburg-Landau (CGL) equation has a rich variety of solutions, including localized stationary and uniformly translating structures, periodic and chaotic solutions. In this paper we concentrate on localized solutions, as they are most important for many applications. It is known that the dynamics of localized coherent structures is determined mainly by the competition between pulses and fronts [1, 2] . If fronts have positive velocity (i.e., if the structure, composed of two fronts, expands), then fronts dominate over pulses. In turn, pulses dominate in the region of negative front velocity.
It was thought that only one stationary stable pulse solution of the quintic CGL equation can exist for a given set of parameters. This follows from the expansions near the conservative limit (nonlinear Schrodinger equation) [3] and purely dissipative limit (real Ginzburg-Landau equation) [4] . Recent analytical studies also supported this hypothesis (see [5, 6] , and references therein). Indeed, although the variety of the exact solutions of the quintic GL equation has been found [6] (which includes fixed-amplitude pulses, arbitrary-amplitude pulses, algebraic pulses, flat-top pulses), all these solutions can be considered as partial or limiting cases of the general solution. Only one stationary pulse solution has been found in numerical simulations [7, 3, 8] (we call solution of this type plain pulse). At the same time, analytic solutions of the quintic GL equation exist only in the codimension-one subspace of the parameter space and these solutions are mostly unstable. Perturbation analysis cannot be applied if the dissipative and conservative effects are of the same order. And numerical simulations cannot cover all range of parameters and an infinite variety of initial conditions.
In this paper we show that there is a certain region in the parameter space where, besides the plain pulse solution, another stable solution, which we call composite pulse (CP), can exist. This region of parameters is smaller than the region of existence of the plain pulses, but this region of parameters is continuous and it has the same dimensionality as for the plain pulses.
Another [6] , these solutions exist only in a subspace of the parameter space of a lower dimensionality. Moreover, these solutions (except the arbitraryamplitude pulses and flat-top pulses) are unstable.
Secondly, approximate methods such as perturbation theory (PT) can be applied [2, 3] . In particular, the PT [3, 7, 8] . However, such studies often give just fragmentary results, e.g. , the existence of stationary pulses [3, 7] or the existence of bound states of two solitons [8] . The problem is that there are too many parameters involved, including the parameters of the initial conditions as well as the coeKcients of the equation. More recent papers [1, 2] combine numerical simulations with an analytical study, which allows us to show an important relation between the front velocity and the stability of the pulses. In our recent paper [12] we have found numerically the range of existence of stable stationary pulses in the parameter space. This study is very important, because from whatever direction we move toward the region of the pulse existence and cross the stability boundary, we can expect some unusual dynamics. In our previous work [6] we concentrated our efforts on analytical considerations of the CGL equation. In this paper we look for qualitatively new solutions numerically.
where a and P are real functions of~= t -vz, v is the pulse velocity and w is the nonlinear shift of propagation constant. Substituting (2) 
where M = a gV. Separating derivatives we obtain: 2(c8 -2Pu) 2 The spectrum of the CP is shown in Fig. 4(c) . It has a hole in its center and two well-separated peaks. To explain such structure of the spectrum, let us return to the dynamical coherent structure, considered above. Let us suppose that the full width of the structure is much larger than the width of both the front and the source. So, it consists mainly of two plane waves located between the source and two fronts. But the width of each peak varies. For instance, if the structure expands, the width of each peak decreases and vice versa. The stationary CP is the limiting case of the dynamical case, and its spectrum is the intermediate case between the spectrum of the dynamical structure, which has two peaks, and the spectrum of the plain pulse, which has one peak. Dotted curves give the width of the spectral filtering 1 -P w As far as we know, these results are the first demonstration of the coexistence of two diAerent stable stationary solutions of the quintic CGL for the same set of parameters. This fact contradicts arguments derived from the perturbation around the conservative and purely dissipative limit. At the same time, this result is quite natural, if we consider fronts, pulses, and sources as elementary building blocks, which can be combined to form more complicated structures.
The CP solutions exist in the range of parameters where the selected front has small negative velocity. So, we can explain the existence of the CP by some repulsion that exists between the source and the front. When the front velocity is small, as structure shrinks and fronts move toward each other, they meet this repulsion from the source, which keeps them at a fixed distance. For the other set of parameters, where the front velocity is large enough, they overcome this repulsion and the plain pulse is formed. However, this qualitative approach does not explain why the CP can be formed from an initial condition that is much closer to the plain pulse than to the CP. Nevertheless, some additional arguments that support the idea of repulsion between the front and the source will be given below.
Note also that there is some range of parameters where the selected front has zero wave vector. Apparently, in this case the plain pulse and the CP become indistinguishable.
E. Dynamics of the composite pulses
Now, let us turn back to Fig. 3 and consider more carefully the range of existence of composite pulses. The upper boundary on this plot corresponds to the positive front velocity threshold. The lower boundary corresponds, in general, to the transition from the composite pulse to the plain pulse. However, this transition is not straight forward.
In particular, we have discovered the existence of periodic solutions in this range of parameters. In Fig. 6 we show the dynamics of the pulse energy versus z for two values of e near the lower boundary. As Note that periodical dynamics of pulses for the quintic GI equation has been reported recently in Ref. [13] .
However, there are important di8'erences between our results and the results of Ref. [13] . We observed instability of the composite pulse, while the authors of Ref. [13] report the instability of plain pulses. Then, in our case the changes are deeper, and the pulse energy varies more than 3 times. Dynamics, reported in Ref. [13] [14] . This follows, for example, from the adiabatic perturbation theory (see, e.g. , [9] and references therein). However, perturbation theory cannot be applied if at least one of the coeflicients in the rhs of Eq. (1) is not small. It has been proven already that asymmetric solutions of the symmetric nonlinear problem can exist in the conservative case [15] , so we can expect this to be true for the non-conservative problem as well.
MP can be observed as a result of the instability of the CP at the lower boundary of the region of stable CP on the (p, e) plane. If the antisymmetric perturbation has a large growth rate, then instead of the periodic dynamics described above or transformation into the plain pulse, we would have the spontaneous transformation into asymmetric MP (Fig. 7) . The process of CP formation can be controlled by choosing a moving initial condition. In this case both left-and right-moving pulses can be created; they are related as an original and a mirror image, due to the symmetry of Eq. (1) The amplitude, phase profile, and the spectrum of the MP are given in Fig. 8 Fig. 2 ). It is noticeable that MP always moves with the pulse ahead. This confirms our hypothesis that the MP is the nonlinear combination of a pulse and a front, because it exists in the region of parameters where the front velocity is negative. Another important fact is that the velocity of MP is always smaller than the velocity of the selected front for the same set of parameters. To explain this, we note that, in the MP, the front tends to move with its own velocity, i.e. , the velocity of the selected front.
At the same time, the pulse tends to be stationary due to the spectral filtering. The resulting velocity of the MP is determined by the competition between these two processes. At the same time, the distance between the center of the pulses and the front in MP is slightly larger than the same distance in the CP, because the pulse offers less resistance to the pushing force of the front. This explains the difference between the predicted and the observed energy of the MP. Note the difference between the MP observed in our paper and asymmetric stationary solution presented in [15] . In our case, the medium is homogeneous, while in [15] there is symmetric inhomogeneity. At the same time, the presence of spectral filtering can be considered as inhomogeneity in the frequency domain. In both cases, the asymmetric pulse arises near the boundary, in the space domain in [15] and in the frequency domain in our case.
To find the range of existence of the MP, we started from the moving initial condition in the range of parameters where the CP exist, and then slowly decreased e. It turns out that the range of existence of the MP is even larger than for the CP (see Fig. 2 [8, 16, 17] were moving due to external factors, i.e. , group velocity terms and gradient terms. Neither group velocity nor gradient terms were present in our simulations. Also, the MP in our simulations has asymmetry as an intrinsic feature, while pulses in Ref. [16] become asymmetric under the action of gradient terms. composite pulse, and with another moving pulse. Note that the result of the collision depends also on the relative phase of the interacting pulses. For a collision between moving and motionless pulses that have different propagation constants, the relative phase at the collision point depends on both the initial phase difference and. the initial separation, so it is diFicult to control the relative phase in numerical simulations.
If two moving pulses collide, the relative phase between them is determined only by the initial phase difference, so it can be easily controlled. Figure 9 depicts different scenarios of interaction. We start from the interaction between the MP. In this case we observed either the formation of the CP [for in-phase MP, see Fig. 9(a) ], or the plain pulse, or another MP (for out-of-phase pulses). Collisions between stationary CP and MP also result in several possibilities. Figure 9( Fig. 7(c) , it also changes its orientation, because MP always moves with the pulse ahead, front behind. Potentially, there are other possible results of interaction, including complete annihilation of interacting pulses and tunneling of one pulse through another one. We expect to observe these scenarios in future simulations.
We note the difference between our results and the results of Refs. [8, 16, 17] . In these papers, interaction in the frame of two coupled GL equations has been studied, which described propagation of two components. Also, as we already mentioned, the pulses were uniformly translating due to group velocity terms, incorporated into the equations. So, in each component, only one direction of motion is possible. By contrast, in our case we consider one GL equation, the pulses move due to internal reasons, and both left-and right-moving pulses are possible. At the same time, there are a number of similarities between our results and the results of [8, 16, 17] . In particular, the disappearance of one of the pulses after the interaction has been found in [17] . The fusion of two pulses into one has been observed in [16] , although for the case where the resulting two-component pulse was unstable and it transformed into two fronts. In this paper we have found numerically a series of new solutions of the CGL equation. To explain their existence, we propose the hypothesis that pulses, fronts, and sources can be considered as elementary building blocks, which can be combined to form more complicated structures. Another example of a stationary solution, which arises from the superposition of two simplest solutions, is the bound state of two pulses [2, 8, 18) . However, pulses in such bound state are weakly overlapping. Moreover, as we demonstrated recently, the bound states of two pulses are unstable [18] . At the same time, the bound states of two pulses exist in a relatively wide range of parameters. By contrast, we report stable structures, which arise as a result of strong interaction between the pulses and fronts. However, such structures require the matching conditions for the amplitude and the wave vector to be fulfilled, so they can exist in a relatively narrow range of parameters.
In conclusion, we study numerically propagation of localized coherent structures in the quintic GinzburgLandau equation near the zero front velocity threshold.
We have found that besides the stationary pulse solution, known before, another type of stationary solution, which we call the composite pulse, can exist. The composite pulse and the plain pulse exist at the same values of parameters. Also, we show that such composite pulses can demonstrate periodic dynamics. We discovered the existence of the asymmetric moving pulses and studied the interaction between the moving the motionless pulses.
To explain the existence of the structures observed, we suppose that the simple pulse and nonlinear front can be considered as elementary building blocks, which can form more complicated nonlinear superpositions.
